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A model for pattern formation is proposed based on two concentration gradients S and Z. S is a local morphogen gene- 
rated by a reaction-diffusion mechanism white IZ is a by-product of the S-decomposition. Under certain conditions S is -weR 
approximated by S(x. L) = a(L)f(x/L), where a(L) is a scaling function of the length L and f(x/L) is a monotonic function 
of the relative distance x/L from the origin. Z degradates and diffuses in the field, reaching a stable L-dependent homogene- 
ous distribution. An dlosteric protein P with several active sites reacts with S and Z and separates the field into segments. To 
every segment a corresponding active state of P is dominant. Pattern regulation is automatically achieved since the comprflt- 
mental separation depends explicitly only on x/L_ For the case of repetitive patterns, a supplementary Gierer-Meinhardt 
mechanism is introduced for activator X and inhibitor Y. The level of Z can affect the decomposition rate of X or Y, e.g. 
via a second order degradation reaction, hence making the chemical wavelength h size-dependent. For a particular decay 
scheme of Y, a variation of 2. induces a change of h so that fInally the number of repetitive structures becomes independent 
of the field size. 

1_ Introduction 

One central problem of Developmental Biolow is 

to determine the mechanisms which control cell dif- 
ferentiation during Embryogenesis. The concept of a 
gradient initiating pattern formation is old enough and 
constitutes the working hypothesis for the understand- 
ing of many features of Morphogenesis. (For a survey, 
see Cooke [I ] _) 

How a gradient is created remained an unanswered 
question until the pioneering theoretical work of 
Turing [2], where it was shown that concentration in- 
homogeneities can be established in a initially homoge- 
neous medium. Some hypothetical substances that he 
named morphogens are evenly distributed in the field in 
a state of unstable equilibrium. If these morphogens 
react between themselves in an appropriate way and at 
the same time diffuse in the medium with suitable 
speeds, the system ceases being homogeneous and can 
approach a stable state where the morphogens are un- 
evenly distributed. Turing gave analytic solutions for 
the possible fmai states, but in order to do that, he 

made simplifying assumptions concerning the chemical 

reactions involved. In the set of coupled differential 
equations he approximated the kinetics term with linear 
expressions of the morphogen concentrations_ 

In the framework of Turing’s theory, Gierer and 
Meinhardt have put forward a model with chemical 
kinetics inspired by well established biochemical me- 
chanisms [3] _ Analytic solutions cannot be written 
down anymore and only with computer simulations 
one estimates the form of the final morphogen distribu- 
tions. These distributions possess however the stability 
(not shared by the analytic solutions of Turing’s work) 
which is necessary for the onset of molecular differen- 
tiation [4] _ Reaction-diffusion theory can explain a 
wide variety of phenomena in Embryogenesis (see e.g. 
the applications of Gierer-Meinhardt model [5] or the 
sequential formation of compartments in Drosophila 
according to Turing’s linear model [6]). _ 

Regulation is a characteristic feature of Morphogenesis 
In normal development as well as in many regeneration 
experiments, cell-to-cell communication leads to the 
formation of the same pattern adapted to the size of 
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the morphogenetic field [ 13 _ Reaction-diffusion 
theory fails to produce inhomogeneities (monotonic 
or periodic) which vary with size in a manner consis- 
tent with regulation [7-9]_ This severe limitation of 
the theory is due to the inherent scale imposed by the 
diffusivities of the morphogens. In view of this weak- 
nees and despite of the striking successes of Turing’s 
theo_T, several other morphogenetic models have been 
proposed [7,8]. With regulation buih-in, these models 
are based on quite different mechanisms the nature 
and origin ofwhich remain unclear. (For a critical re- 
view of some models see [9,10] _) We think that it 
would be of some value if, without abandoning the well 
founded and successful reaction-diffusion theory, one 
co?rld invent some procedure to be associated with ‘Lhe 
theory and finally obtain pattern regulation. In the 
present work we formulate such a mechanism for both 
non-repetitive and repetitive structures. 

In section 2 we start with a Gierer-Meinhardt model 
and establish a global morphogen distribution whose 
uniform level depends on the length of the field. We 
then indicate how a size-independent monotonic gra- 
dient is formed_ 

In section 3 a biochemical scheme is introduced 
which adapts a pattern to the size of the field. 

In section 4 we extend the model so that it can be 
applied to repetitive patterns and produce constant 
number of identical structures in fields of variable size. 

Finally some general conclusions are drcwn in sec- 
tion 5. 

2. Local and global morphogen gradients 

The pattern regulating method we are going to pre- 
sent can be incorporated into the general reactiondiffu- 
sion theory. We restrict ourselves however to the formu- 
lati->n of Gierer and Meinhardt because of the extensive 
and successful application of this model to diverse de- 
veloping systems [3,5]. According to the more common 
version of the model, in a linear field of ler@h L at 
every point x morphogens A and S are involved in an 
auto- and cross-cataiytic set of interactions_ Taking also 

into account the morphogen diffusion in the field, the 
rate equations forA and S take the following form: 

Fig.1 _ Final concentrations of S (in arbitrary units) as derived 
fxm eqs. (1) for different field lengths L : a) L = 40 cells, b) 
L = 60 cells, c) L = 80 cells. The parameter values are: ct = 0.05 
cq = 0.0035, cj = 0.0006. =a = 0.025, cs = 0.0045,DA = 0.05, 
& = 0.10, p (x) = O-l+ 0.02x. Initial values: A = 0.1, S = 5.0. 
On the average, stable distributions are reached if 6.000 itera- 
tions are performed. 

a=A 
g= cl+&) - c2A + Cam +D_4 -, 

ax2 

as a% 
at= c4A2p(x) - c$ +os - 

ax2 _ 

(1) 

cX and c, are parameters for the auto- and cross- 
catalytic production ofA and S while c2 and cs deter- 
mine the first order kinetics for the degradation ofA 

and S. Morphogen A is independently produced by a 

shallow source p(x) with a rate cor,stant c3 while DA 
and IIS are the diffusion constants for A and S respec- 
tively. The solutions of eqs. (1) can be derived numeri- 
cally only. Their qualitative asymptotic behaviour de- 
pends critically on the values of parameters involved. We 
are interested in the formation of stationary waves with 
characteristic wavelength X. Without making any assump 



tions about preexisting uneven source distributions, 
Babloyantz and Hiernaux [l I] have analyzed the sta- 
bility properties of the solutions of eqs. (1). They de- 
rived morphogen distributions similar to the ones ob- 
tained by Gierer and Meinhardt. 

For the moment we consider the case where only 
monotonic gradients are f0rmed along the field. In 
section 4 the case is considered where L 9 & and several 
concentrations peaks are contained in the field. Be- 
cause we always assume DA <D,, the range of A is 
smaller ;han the range of S. When all other parameters 
are kept fued, we frnd qualitatively that X becomes 
bigger when DA is increased (but always kept smaller 
than Ds)_ 

Some characteristic gradients of S are plotted in fig. 
1 as derived from eqs. (1). The size of each cell is fmed 
in arbitrary units and the length of the field varies ac- 
cording to the number of cells along the line. Concen- 
tration S is plotted in arbitrary units against relative 
distance x/L from the origin, for lengths of 40,60 and 
80 cells on the line. For all three lengths the S-distribu- 
tions are smooth sigrnoid-like curves multiplied by an 
overall size-dependent factor_ We are therefore justified 
to suggest that, for an appropriate choice of parameters, 
S is well described by an analytic expression of the form 

S(x. L) = a(L)f(x/L) . (2) 

Here f(x/L) is a monotonic function of x/L and a(L) 
a scaling factor depending on L _ In this description, 
S is a Irorrrogeireous function of x and L in which case 
a(L) is not arbitrary but it is of a power form [12] 

S(x, L) = LPf(x/L) . (3) 

From fig. 1 it turns out that the exponent p in (3) 
is close to I_ 

In the framework of positional information theory 
[ 131, a concentration gradient can naturally be used as 
a positionai signal for every cell. For the formation of 
a faithful pattern, it is necessary however that, when 
scaled to the total length, the shape of the gradient 
should be identical for all fields independently 0f the 
field size. From fig. 1 or the analytic expression (3) 
it is clear that S cannot reliably serve this purpose. The 
failure is characteristic of rhe theory as explained in 
the Introduction. Gierer and Meinhardt 133 obtain a 
kind of regulation with a version of their model based 
on saturation of activator production. The field is se- 
parated roughly by a step-like gradient into two domains. 

Cells can then differentiate to one between two dis- 
tinct states. A gradient of this form however, is made- 
quate to inititate differentiation towards a state among 
a set of more than two final cell-types. For such a 
multiple choice it is indispensable for the gradient to 
be smooth enough and resolvable into several discrete 
ranges of concentration_ 

Since S cannot provide an unambiguous positional 
information signal, a supplementary information is 
needed. Suppose that substance Z is some product of 
the S-degradation by a first order reaction with rate 
constant k1 _ From eqs. (1) it is clear that X-1 is related 
to cs _ In its turn Z is also decomposed by first order 
kinetics with rate constant kz _ Because of the inhomo- 
geneous production of Z from S, diffusion will tend 
to equalize concentration differences in the field. The 
total rate of change of E will then be: 

ax/at= kg- k2z f D a2z/ad, (4) 

where D is the Z-diffusion constant in the medium of 
the field. The solution of eq. (4) is derived in detail in 
[ 1 S] _ For asymptotic values of time, Z approaches a 
stable distribution represented by a power series of the 
dimensionless parameter w2 = L 2k2/D. When a2 < 1_ 
the x-independent first term is dominant in the series 
expansion. Intuitively we see this if we consider the 
simple case of instant diffusion (D + 00, therefore 
& + 0). We easily then estimate the steady-state of 
E from eqs. (2) and (4): 

L 

J 
klS(x.L) dx - k2EL = 0 , 

0 

or 

x = (krl&) P’(l) -W314L) - 
Here F(z) stands for the integral of f(z) 

F(1) -F(O) = ] f(i) da , 
0 

and F(1) - F(0) is a constant number since f(z) is a 
known function. 

The steady-state distribution of Z as approximated 
by eq. (5) is independent of x and depends only on 
0(L). From embryological data we can estimate that 
m2 is so small that the x-dependent higher terms can 
be neglected [ 151. The Z: distribution therefore is well 
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Fig. 2. Universal distribution f&/L) for different lengths L. 
a) L = 40 cells. Normakation is fued so that this curve is iden- 
tical to tig. la. b) L = 60 cells, c) L = 80 ceUs. Curves b and c 
are plotted from fs_ lb, c respectively with the help of eq. (6). 
The dashed line corresponds to L = 400 cells. 

described by the homogeneous expression (5) as de- 
rived in the instant diffusion limit. 

For the numerical estimates of S plotted in fig- 1 
we establish the proportionality relation: 

2,: z,: Xc = 19.77: 28.87: 38.45, (6) 

Z,, ZZb and Zc are the Z-levels for fieldlengths of 40, 
60 and 80 cells respectively. 

Local morphogen S and global morphogen Z can 
now provide co?npiete positional information for the 
emergence of a size-independent pattern. One way to 
achieve this is the following: in a given cell of the field, 

S and Z have constant values. Another substance P, 
whose concentration is kept the same in all cells, inter- 
acts reversibly with S and X: 

At equilibrium, the Q concentration will be proportion- 
al top-S/Z. T&g into account eqs. (2) and (5) we 
find finally that Q is a universal function fu proportion- 
al to f(x/L). (In the following section a more detailed 
version will be elaborated)_ The value of Q in every 
cell unequivocally furnishes the complete positional in- 
formation. Therefore Q must be directly involved in 
the process of differentiation while ah other substances 

play probably only a supporting role. 
It is interesting to test the above “regulating” pro- 

cedure for gradientss of @. I_ We normalize the 
universal function f, to the S distribution when L = 
40 cells. In fig_ 2 are plotted the_&(x;Z.) distributions 
for different lengths L _ Apart from some small devia- 
tions at the boundaries of the field, sigmoid curve (a) 
remains almost invariant when the size of the field 
increases up to L = 80 cells and even higher values. 
The dashed line corresponds to L = 400 cells in which 
case the Z-level is: Z = 281.74 (in ‘he normalization 
of eq. (6)). The deviation from the universal gradient 
(a) is apparent, indicating that expression (2) for S is 
no more a good approximationThis discrepancy is 
expected because the field size ofL = 400 cells is 
close to the critical length which admitts peaks for the 
S-concentration at both boundaries of the field. 

We presented heuristically how regulating gradient 
Q is established_ We can easily incorporate the conse- 
cutive steps for its formation in a unified reaction- 
diffusion scheme. Gradient S with a shape represented 
by eq. (2) is indirectly involved in the morphogenetic 
procedure. Q is the final product which provides posi- 
tional information for a scaled pattern fromation. 
Global morphogen Z is important for the emergence of 
Q, and it can prove necessary for other processes where 
‘&e knowledge of +-he fieldsize is crucial, an example 
being given in section 4. 

It is important to note, that in our model Z is auto- 
matically obtained without making any additional as- 
sumptions_ In contrast, other regulating theories are 
based on the assumption of local predifferentiation, as 
for instance in the source and sink model. There, it is 
a priori assumed that the boundary cells behave like 
morphogen sources and sinks [9,10] _ Clearly, such pre- 
suppositions weaken these models since in this way 
the pattern formation problem is merely reduced to the 
establishment of a pre-pattern. 

3. Regularized compartments in the field 

We propose now a biochemical mechanism making 
use of both local and global signals in order to divide 
the field into size-independent domains of molecular 
differentiation. 

Suppose that an allostkric protein P is produced and 
maintained at a fared level in all cells of the field. We 
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Fig. 3. a) Concentrations of S and B in arbitrary units. b) Equi- 
librium concentrations PO, PI, Pz and P3 following eqs. (9). 
Equilibrium constants are: Kol= 100, K12 = ?2, K23 = 2, 

can further assume for P that it is indiffusible and has 
the structure of a polymer withN active sites rever- 
sibly occupied acsording to the sequential scheme: 

PO, PI, P2, __., PN correspond to states of the protein 
with none site, one, two, . . . up toN sites occupied 
respectively, while KOl, K12, --., KN_lfl are the equi- 
librium constants in the sequence of reactions (7). In 
every cell the total amount of protein P is fiied and 
given by: 

P=Po’P,+P2+___+Piv. (8) 

Since in a given cell S and Z have constant values, ‘fie 
system reaches an equilibrium where the distributions 
&PI, ---3 PN are found in a straight forward calcula- 
tion: 

+ K,,K,, --- rr,_,, (“)N-q-1 , 
z 

. 
I . . 

PJJ=P 
1 ‘z 0 s N f ___ 

K01K12-**KN-l,N 

(9) 

1 2 -1 
+- --F-i 0 1 KN-lJv s - 

Details for the time course until the system reaches 
equiiibrium are found in [ 15]_ This biochemical scheme 
has some common features with the model proposed by 
Kiger [ 161 and MacWilliams and Papageorgiou [ 141. 

In fig_ 3a are plotted some characteristic gradients 
S and Z, while in fig. 3b equilibrium distributions are 
shown of the active states of a protein P with 3 active 
sites. 

By inspection it is evident that the field is separated 
into domains s, RI, ___, RN. In domain Rj, active state 
Pi dominates as compared to all other states of protein 
P. Without any further specification, we can assume 
at this stage that, in every compartment Ri a Pi-specific 
molecular process is triggered leading to spatial differen- 
tiation of the field. From eqs. (9) we can draw the fol- 
lowing conclusions: 

a) S and Z never appear separately but always com- 
bine to form the ratio S/Z: (or Z/S). Taking into ac- 
count expressions (2) and (15) for S and Z we note that 
S/X is proportional to f(x/L). Since PO, P, , --., PN de- 
pend only on x/L, the compartmentalization of the 
field is explicitly regularized. 

b) As long as 5’ and IX behave according to (2) and 
(5) respectively, - zaling function a(L) drops out in all 
expressions (9) As a result, the same pattern emerges 
independently of how a(L) varies with the size of the 
field (or any other dynamical variable). 

c) Although a(L) does not affect the fmal pattern, 
it is essential for the whole procedure since it deter- 
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Fig. 4. Stable X concentration (m arbitrary units) obtained from eqs. (10) for different field lenghts L: a) L = 40, n = 4, b) L = 60, 
n = 6, c) L = 80, n = 8. The parameter values are: c; = 0.05, ci = 0.01, c; = 0.0006, c& = 0.025, c ; = O.Ol,Dx = 0.0001,Dy = 0.1, 
p’(x) = 1-t 0.01x. Initial values: X= 1.5, Y= 5.0. On the average, stability is reached if 4.000 iterations are performed. 

mines the time needed for the establishment of total 
equilibrium [ 15 3 _ 

4. Regulation of repetitive patterns 

When the chemical wavelength X is much smaller 
than L a pattern of stable repetitive peaks establishes 
itself_ 

In the linear approximation, Turing calculated h in 
terms of the kinetic and diffusion constants [2,17]. 
L and 1 are unconelated and as a result whenL varies, 
the number of repetitive peaks changes accordingly. 
We conclude that, at least in its linearized version, 
resntion-diffusion theory fails to produce constant 
number of homologous structures when the fieldsize 
is not fured. This is an undesirable result since it con- 
tradicts both observation [IS] and excision experiments 
during early Embryogenesis [ 19]_ In higher bifurca- 
tions a correlation between X and L is eventually esta- 
blished, but in the present work this possibility is not 
examined_ 

Consider a Gierer-Meinhardt mechanism for activa- 
tor X and inhibitor Y, for which the inherent wave- 
length is much smaller than L _ The morphogen diffu- 
sion constants therefore should differ considerably 
(Ox <II,). The rate equations for X and Y are similar 
to eqs. (1): 

ax , x2 
ar= Cl y&J’(x) -cc;x+ c+‘(x) +Dx 2 , 

+~x~p'(x)-c;Y+Dy g 
(10) 

In fig_ 4 are plotted final X-distributions for different 
field lengths. The number of peaks n varies in correla- 
tion with L _ 

Suppose now that, through an independent process 
similar to the one introduced in section 2, a stable 
global morphogen Z is established in the field providing 
a signal for the length L . It is possible to incorporate 
the size-sensing morphogen Z into eqs. (10) by adjust- 
ing the rate constants [20,21 J _ We propose two simple 
chemical schemes leading to direct and inverse proportion 
ality of the rate constants to the Z-level. 

Assume that a substance Z, instead of being decom- 
posed by a fust order reaction, decomposes by second 
order kinetics_ 

A) If Z is maintained at a constant concentration 
and -7, decomposes according to: 

2 + Z + decay produiib ,- 

the effective rate constant for the Z-decomposition be- 
comes proportional to I2 _ 

ES) In a slightly more complicated scheme, B is con- 
stant and it remains furthermore at equilibrium with 
another substance T of constant concentration accord- 
ing to the reversible reaction: 
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Fie. 5. The plots are similar to the plots of fg. 4. The same parameters are used except c; for L = 60 and L = 80: b) c; = 0.0068, 
~2);; = 0.005 1. In all plots R = 4. 

Z:+R+T, 

If Z decomposes via a second order reaction like 

Z + R + decay products , 

the effective rate constant which determines the decom- 
position of Z is inversely proportional to the level of 
IX. We have extensively applied both schemes A and 
S to modify Lhe kinetic terms of eqs. (10). 

When c> is adjusted following scheme A, a correc- 
tion is observed in the right direction, but still the 
number of peaks is not completely L-independent. If 
c\ is renormalized according to scheme B (becoming 
inversely proportional to Xl the number of peaks is 
maintained fved when the field size varies, as is seen 
infig.S.Infig.Sac;= O.Ol,whileinb)andc)c; 
changes following the proportionality relation (6). The 
results above indicate that reaction-diffusion theory 
combined with a global morphogen can correctly pro- 
vide a correlation between X and L , so that a pattern 
with a given number of repetitive structures can 
emerge in a field of variable size. 

5. Discusion 

There is a wide variety of forms and patterns ap- 

pearing in Development_ For their establishment one 
expects that diverse mechanisms can be responsible. 
It is reassuring neverthele?J that a positional informa- 
tion theory is formulated, as extracted from accumulated 
experimental evidence_ In abstract form, this theory 
disentangles the complex phenomena of pattern forma- 

tion, into a temporal sequence of discrete processes. 
For the fast step - the establishment of positional 

information, reaction-diffusion theory could be the 
generating mechanism. Founded on first principles of 
Physics and Chemistry, this theory provides a natural 
and convincing paradigm for the formation of a stable 
gradient. Recent experiments support the hypothesis 
of concentration gradients associated with morphoge- 
netic activity [22]. 

The model presented in this work describes how 
size-independent patterns can be formed during normal 
development_ For abnormal situations, as in regenera- 
tion experiments, we have made no predictions at this 
stage. In order to incorporate morphallaxis (or epimor- 
phosis) into the model some complementary assump- 
tions must be made. With some simple rules, the beha- 
viour or Gierer-Meinhardt gradients is consistent with 
several data of surgicti manipulations [3,5]. 

At the step of interpretation of positional informa- 
tion, an amplifying mechanism will be necessary to 
Froduce clearcut territories of specific geneactivity 
1141. Another problem to be dealt with will be the 
reversibility (or not) to the initial cell state and the 
memory of the positional signal. 

We have assumed throughout this work that once 
S and I: have been established in every cell, their con- 
centration will be fmed independently of any second- 

ary reaction they participate. This is pdssible only if 
these reactions are causing in effect a small perturbation 
from the stability values of S and Z. Consider for in- 
stance scheme A of section 4: In expression (5) for the 
level of LX, the-denominator ?Q should be substituted 
by (Jc2 + m where K is the rate constant for the second 
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order decomposition of Z. The condition k2 S ZZ 
guarantees that the level of X does not change appre- 
ciably from its participation in scheme A. A natural ex- 
tension of the model in two dimensions would include 
pattern formation in sheets of cells which is of great 
importance in Embryogenesis. 
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